We study a phenomenological model for weak ferromagnetic Fermi liquids and investigate the properties of the spin waves in the model. The Landau kinetic equation is used to derive, in addition to the known Goldstone mode, a new spin-wave mode -the first Silin-like ferromagnetic mode. We discuss the role of the interaction parameter F a 1 on the behavior of the Goldstone mode and the first Silin-like ferromagnetic mode. PACS numbers: 71.10.Ay
where P.B. stands for Poisson brackets. The evolution of the quasi-particle distribution function is generated by the quasi-particle Hamiltonian [ε p ( r, t)] αβ = ε p ( r, t)δ αβ + h p ( r, t)σ αβ , where ε p is a mean quasi-particle energy and h p = −B + 2 p′ f a pp′ m p′ is an effective magnetic field, which includes both coupling to an external field B and to an internal field, due to the quasi-particle interactions (we set the nuclear magnetic moment γh/2 = 1). The interaction parameter f a pp′ is the antisymmetric component of the quasi-particle interaction f σσ′ pp′ (in the limit of weak ferromagnetism f σσ′ pp′ can be treated as rotationally invariant in spin space [7] ). From Eq.(1) we get a set of coupled equations, describing the time evolution of the quasi-particle density and the magnetization density. For small fluctuations δn p and δm p around the ground state these equations decouple. We are interested only in the equation, which describes oscillations of the transverse components of the total magnetization. The linearized kinetic equation for δm p is [5, 8, 9] 
p ′ is the equilibrium field due only to the quasi-particle interactions.
We study the response of the system to a transverse perturbation δ B = δB xî + δB yĵ (the transverse spin polarization δm 
2 is the density of states at the Fermi surface and m * is the effective mass of the quasi-particle [8, 9] . After Fourier transformation of the linearized kinetic equation, Eq.(2), we obtain
We expand both ν + p and the Landau parameters f a pp ′ in a series of Legendre polynomials, ν [8] .
We analyze the possible modes of oscillation using two different approaches: (i) Low-order distortions approximation (hydrodynamic model); (ii) All-order distortions model.
We start with the hydrodynamic model and project out the ℓ = 0, 1, 2 components of Eq.(3). The v p · q term in Eq.(3) couples the distortions of order ℓ to distortions of order ℓ ± 1 (for excitations near the Fermi surface v p · q → v F q cos(p ·q)).
where F a ℓ is a dimensionless Landau parameter, defined as F (5) and Eq. (6) we obtain the dispersion equation
where ω
a 0 ) are the eigenfrequencies of the spin-wave modes ω
In what follows we assume F a ℓ = 0 for ℓ > 1. Then the first solution of Eq. (7) is
which we identify as the well known quadratic dispersion law for the ℓ = 0 Goldstone mode. In the limit of weak ferromagnetism F a 0 → −1 − and the Goldstone mode is almost independent of the interaction parameter F a 1 . The second solution of Eq. (7) ω + 1 (q) = ω
gives the dispersion relation for a new spin-wave mode, the ℓ = 1 mode, which we call first Silin-like ferromagnetic mode. The second term of order (qv F ) 2 in Eq. (9) comes in because the distortions ν 
, found also in the paramagnetic case [10] . The precession term in Eq. (5) is missing in the ordinary hydrodynamic equations for ferro magnets [11] ; these equations lead to the quadratic dispersion law for the Goldstone mode, and miss completely the first Silin-like ferromagnetic mode. In addition, the equation for the magnetization current contains distortions of the Fermi surface of order ℓ = 2, ν + 2 . While these distortions produce corrections of higher order in the dispersion relation for the Goldstone mode, they are important for the first Silin-like ferromagnetic mode, as shown above.
At present we do not have data for the value of the interaction parameter F 9] . We plot in Fig.1 Fig.1 ), and can propagate before entering into the particle-hole continuum and being damped. We make a rough estimate of the coefficient in front of q 2 in the dispersion relation for the Goldstone mode, Eq. (8), and compare it with the coefficient in front of q 2 in the empirical dispersion law for spin-wave excitation for M nSi,hω q [meV ] = 0.13 + 0.52q
. We set F a 0 = −1.1, F a 1 = −1.5, T F = 300 K, and use the data available for M nSi: the equilibrium magnetization under a pressure P = 6.6 kbar is m 0 = 0.389 µ B /M n [12] and the density of states N (0) = 19 states/Ry M n atom spin, obtained from band structure calculations [13] . Then Eq.(8) has the form ω + 0 (q) = 2.5q 2 , where ω + 0 (q) is scaled with respect to the Fermi energy ε F and q -with respect to the Fermi momentum k F . The empirical law expressed in the same units is ω(q) = 2q 2 , thus we obtain the same order of magnitude for both coefficients.
To analyze the spin-wave modes beyond the small q-limit, we go back to the kinetic equation, Eq. (3), and derive the all order distortions model. As before we expand ν 
where
dx and Ω 00 (s) = 1 + 
give the undamped spin waves. In the small q-limit of Eq. (11) we recover the dispersion equation from the hydrodynamic model, Eq. (7), with F a 2 = 0. We solve numerically Eq. (11) for |s| > 1 and obtain two solutions ω R 0 (q) and ω R 1 (q), which we identify as the Goldstone mode and the first Silin-like ferromagnetic mode. When q increases both modes ω R 0 (q) and ω R 1 (q) start to deviate from the hydrodynamic values. Close to the particle-hole continuum (s → ±1), where the higher order distortions become significant, there is a big shift in the frequency (see Fig.2 and Fig.3) . To see the behavior of the modes close to the singularity we expand Eq.(11) in the small ǫ-limit (s = −1 − ǫ and ǫ → 0 + ) and obtain
From Eq. (12) we see that there are two singularities at
. The singularity at q 0 is completely determined by the interaction parameter We shall discuss now the behavior of the Goldstone mode in the vicinity of the singularity at q 0 . In agreement with the RPA [6] the Goldstone mode touches tangentially the particle-hole continuum boundary. But for q > q 0 we find a branching of the solution ω ). Thus our model predicts that the Goldstone mode curves upward and then touches tangentially the particle-hole continuum. It can be shown that including the higher order interaction parameter F a 2 does not change the qualitative behavior of the Goldstone mode and the singularity at q 0 (q 0 does not depend on F a 1 and F a 2 ). Therefore, for q 0 > q 1 there is no a value of the Stoner gap parameter for which the dispersion curve ω R 0 (q) goes through a maximum, as predicted by the RPA [6] . It is worth noting that for values of the interaction parameter F 1 (q) approaches asymptotically the particle-hole continuum. We derived above a new spin-wave mode, the first Silin-like ferromagnetic mode. The mode is propagating for any values of the interaction parameter F a 1 = 0. Now the obvious question is why the first Silin-like ferromagnetic mode has not been observed by inelastic neutron measurements on weak ferro magnets? To answer to this question, we calculate the intensities [14] of the hydrodynamic Goldstone and first Silin-like ferromagnetic modes, extending our model to low temperatures and assuming the regime where the spin-diffusion lifetime varies with the temperature as τ D ∝ 1/T 2 . It can be shown that the intensity of the Goldstone mode is about 3 orders of magnitude higher than the intensity of the first Silin-like ferromagnetic mode, the linewidth Γ 0 of the Goldstone mode is much less than the linewidth Γ 1 of the first Silin-like ferromagnetic mode (the ratio Γ 1 /Γ 0 = 1 + (1 + F In summary: our main results, the dispersion laws for the Goldstone mode and for the first Silin-like ferromagnetic mode, are obtained as an implication of the FFLT. Including the interaction parameter F a 1 brings in new physics -the presence of a new spin wave mode, the first Silin-like ferromagnetic mode. The framework presented in this paper allows us to obtain the whole picture for the dispersion and attenuation of the spin waves in ferromagnetic metals.
